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Continuity

A graph is considered to be continuous when it is without breaks.
In order for a graph to be continuous at a point, 3 things must be true:
1. The value of the function must exist > f(x) exists

2. The limit of the function must exist = lim f(x) exists
3. The value of the function must equal the value of the limit = f(x) = lim {(x)

Finding discontinuity from a graph

When examining a graph, we look for points of discontinuity (when the function is not
continuous or when the function has breaks.

Example 1:
Determine where the graph is discontinuous.
Note why discontinuity occurs, using the three rules above.
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Example 2:

Determine where the graph is discontinuous:
Note why discontinuity occurs, using the three rules above.

x values reason for discontinuity
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Removing discontinuity
We can remove discontinuity when a function does not have an f(x) value but does have a limit.

To do so:
1. Determine the x-values where the function is discontinuous.
2. Attempt to find the limit at these x-values.
3. If the limit exists and is a numeric value, rewrite the function as a piecewise function
using the limit value to fill in the hole.

Example 1:

Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.
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Example 2:
Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.
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Example 3:
Remove discontinuity when possible.
If discontinuity cannot be removed, explain why. XZ X 40
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Example 4:

Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.
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Example 5:

Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.
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When given a composition of functions (functions within functions) we can analyze both parts to

determine the overall interval(s) of continuity.
To determine the interval(s) of continuity:

1. Identify f(x) and g(x) from the fog(x) function.
2. Determine where f(x) and g(x) are continuous.

3. If both parts are continuous everywhere, then the overall function is continuous

everywhere

4. If one part is continuous everywhere and the other part has a smaller interval, apply
the smaller interval to the opposite function by writing an inequality.
5. Solve the inequality to find the interval where the overall function is continuous.



Example 1:

Determine the interval of continuity for the composition function.
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Example 2:

Determine the interval of continuity for the composition function.
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Example 3:

Determine the interval of continuity for the composition function.
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Example 4:

Determine the interval of continuity for the composition function.
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Finding Asymptotes of Rational Functions

Vertical Asymptotes:

I. Find any values of “x” that cause division by zero. These are likely locations of vertical asymptotes.

2. For all of the values found to cause division by zero find the limit of the function as “x” approaches

those values.
1f “a” is one of those values find lim f (x)

X —a
a. If the limit is finite then it is not an asymptote but rather a hole in function.

b. If the limit diverges check whether it diverges negatively or positively on either side of the
vertical asymptote.

lim f (JC) The limit from the right of the asymptote.

+
x—a

lim f (X) The limit from the left of the asymptote.

x—=a

Horizontal Asymptotes:

If either of the following limits exist (e.g. do not diverge) then there is a horizontal asymptote at
y = L, andlor y = L,

lim f(x) = L, lim f(x) = L,
Oblique Asymptotes:

1. Apply division of polynomials to the rational expression to break the rational expression into
a sum of a polynomial part and a rational part: f(x) = P(x) + R(x).

2. Find the following limits:

lim R(x)  lim R(x)

X—w X——0o0

3. If both of the limits are 0, we have an oblique asymptote of. y = P(x).



Limits at Infinity/Finding Horizontal Asymptotes

In this chapter, we have been examining the first and second derivatives of a function in
order to determine various features of the function’s graph (relative and absolute extrema,
intervals of increasing/decreasing, concavity, etc...). We will now use limits at infinity
to examine the end behavior of functions and find any horizontal or slant asymptotes.

We will then be reasgnably equipped to sketch the graphs for a wide variety of functions.

Limits at Infinity

2

Examine the graph of the function f(x)= with your graphing calculator.

x2+1

Notice that as x increases or decreases without bound, the function f(x) approaches 3
This is denoted by
limf(x)= 3 and lim f(x)= 3

Notice that we are taking the limit of a function as x approaches infinity or negative
infinity. These types of limits are called limits at infinity.

Our function approaches the line y = 2 asx increases or decreases without bound.
This ine is called a horizontal asymptote of the graph of .

Horizontal Asymptotes

The line y= L 1s a horizontal asymptote of the graph of f'if

lim f(x)=L or lim f(x)=L




Strategy for finding Horizontal Asymptotes

Limits at infinity many of the same properties as the limits that we have discussed before.
In addition, the following theorem is useful.

If r is a positive rational number and c is any real number:

1. ime=0 and lim—=0

x—re0 3" x—eo '

In general, if taking the infinite limit yields a constant in the numerator and infinity (or
negative infinity) in the denominator, then the limit is 0.

Examples:

Find any horizontal asymptotes of the following functions:
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Rational Functions

Many of the functions that you will be examining are rational functions. There are three
possible cases, illustrated by the examples b, ¢, and d on the previous page. Rational
functions will have the same limit at infinity and negative infinity.

Type A: If the degree of the numerator is less than the degree of the denominator, then
the limit of the rational function is 0.

2x+5 _

Ex. m_——=
xote 3x” +]

Horizontal Asymptote: ‘j,; O

Type B: If the degree of the numerator is equal to the degree of the denominator, then
the limit of the rational function is the ratio of the leading coefficients.

2 2
Ex. Iim x2 o =
xoke 3t 4|

Horizontal Asymptote: (j: 2/3

Type C: If the degree of the numerator is less than the degree of the denominator, then
the limit of the rational function does not exist (it is infinite).

2x°+5
Ex. lim a

xi= 3% 4]

Horizontal Asymptote: DNE

*This last type of rational function actually has a slant asymptote, which we will discuss
later.

Example:

Find horizontal asymptotes for each of the following functions:
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Slant Asymptotes

Let us examine a “Type C” case, where the infinite limit of a rational function does not
exist (1s infinite).

ot .
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f)= x>0

4 X+

This function has no horizontal asymptote, but it does have a s/ant asymptote.
We can find it by using long division to rewrite the improper rational function.
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As x approaches infinity or negative infinity, p becomes very small (and thus
x+

insignificant) while 2.x— 6 becomes very large (and thus very significant).

) ) i 2x* —4x
Therefore, as x increases or decreases without bound the function f(x)= —l— looks
X+

very much like the function g(x)=2x—6 and y=2x— 6 is slant asymptote of f(x).

Use your calculator to sketch a graph of f(x) to illustrate this concept.



Limits Approaching Infinity - Horizontal and Slant Asymptotes

a

1. lim = 7> If a<b.Then, limit =0, Horizontal Asymptote aty = 0.

X—0 x

a

€ C
2. lim x,, , if a=>b.Then, limit = - Horizontal Asymptote aty = “/b.

x> D

a

3. lim > , if ‘a>b.Then, limit = oo . Limit = co indicates that there is no horizontal asymptote.

X—>a0 x

Slant Asymptote: Find the equation through long division (the remainder is considered to be 0).

Limits Equal to Infinity - Vertical Asymptotes

1. f(a) does not exist but ~ lim f x) = a constant value. “Hole” at x = a (no vertical asymptote).

X—a

2. f(a) does not exist and lim (x) = +oo, -00, or DNE. There is a vertical asymptote at X = a.

For each equation:

a. Determine where the domain does not exist. At these points find the equation of the
vertical asymptote or the coordinates of a “hole” in the function.

b. Find the limit approaching infinity. Use this calculation to write the equation of the
horizontal asymptote or use long division to find the equation of the slant asymptote.
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Continuity Assignment Nemey ______ __ _

1. How is the concept of a limit related to the concept of continuity?

2. List all x values where the graph is discontinuous.
Explain why discontinuity occurs at each location.

= B

3. Would the graph of x>+ y2 = 7 be continuous at all points? Why or why not?

4. Give an example of a trig function where discontinuity can be removed.
Provide a graph of this function.



For each function, list the intervals of continuity.

5. f(x) = V(x +2) 6. f(x) = V(3x) 7. f(x)= In (4 - %%

Note all points of discontinuity in each function.

Remove discontinuity when possible by creating a piece-wise function.
If discontinuity cannot be removed, explain why.

8. f(x)= x*+2x-3 9. fix)= x* 10. f(x)= 3
x+3 X x?



Using limits to identify asymptotes assignment Name: o

For each function:

1. Identify any domain restrictions. At these restrictions, find the x value of any holes and for

the equations of any vertical asymptotes.
2. Use the concept of limits at infinity to determine whether there is a horizontal or slant

asymptotes. Find the equation of this asymptote.
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A graph is considered to be continuous when it is without breaks.
In order for a graph to be continuous at a point, 3 things must be true:
1. The value of the function must exist > f(x) exists

2. The limit of the function must exist 2 lim f(x) exists
3. The value of the function must equal the value of the limit 2 f(x) = lim f(x)

Finding discontinuity from a graph

When examining a graph, we look for points of discontinuity (when the function is not
continuous or when the function has breaks.

Example 1:
Determine where the graph is discontinuous.

Note why discontinuity occurs, using the three rules above.

x values reason for discontinuity

Example 2:
Determine where the graph is discontinuous.
Note why discontinuity occurs, using the three rules above.

x values reason for discontinuity




Removing discontinuity
We can remove discontinuity when a function does not have an f(x) value but does have a limit.

To do so:
1. Determine the x-values where the function is discontinuous.
2. Attempt to find the limit at these x-values.
3. If the limit exists and is a numeric value, rewrite the function as a piecewise function
using the limit value to fill in the hole.

Example 1:

Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.

f(x)= x*+3x+2
x+1

Example 2:

Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.

fx)= x*+3x+2
x—1

Example 3:

Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.

f(x) = x*+x
X



Example 4:

Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.

fx)= x
3
Example 5:

Remove discontinuity when possible.
If discontinuity cannot be removed, explain why.

f(x)= x'—5x°+4
x> —3x—2

Intervals of continuity

When given a composition of functions (functions within functions) we can analyze both parts to
determine the overall interval(s) of continuity.

To determine the interval(s) of continuity:

1. Identify f(x) and g(x) from the feg(x) function.

2. Determine where f(x) and g(x) are continuous.

3. If both parts are continuous everywhere, then the overall function is continuous
everywhere.

4. If one part is continuous everywhere and the other part has a smaller interval, apply
the smaller interval to the opposite function by writing an inequality.

5. Solve the inequality to find the interval where the overall function is continuous.



Example 1:
Determine the interval of continuity for the composition function.

f(X) . esinx

Example 2:
Determine the interval of continuity for the composition function.

f(x) = In(x*> — 4)

Example 3:
Determine the interval of continuity for the composition function.

f(x) =*V(3x + 6)

Example 4:
Determine the interval of continuity for the composition function.

f(x) = V(2x)



Finding Asymptotes of Rational Functions
Vertical Asymptotes:
I. Find any values of “x” that cause division by zero. These are likely locations of vertical asymptotes.

2. For all of the values found to cause division by zero find the limit of the function as “x” approaches
those values.

If “a” is one of those values find lim f (x)

x—=a
a. If the limit is finite then it is not an asymptote but rather a hole in function.

b. If the limit diverges check whether it diverges negatively or positively on either side of the
vertical asymptote.

hn’{ f ()C) The limit from the right of the asymptote.

x—a

lim f (X) The limit from the left of the asymptote.

x—a

Horizontal Asymptotes:

If either of the following limits exist (e.g. do not diverge) then there is a horizontal asymptote at
y = L, andlor y = L,

lim f(x) = L, lim f(x) = L,
Oblique Asymptotes:

1. Apply division of polynomials to the rational expression to break the rational expression into
a sum of a polynomial part and a rational part: f(x) = P(x) + R(x).

2. Find the following limits:

lim R(x)  lim R(x)

x>0 XxX——x0

3. If both of the limits are 0, we have an oblique asymptote of y = P(x).



Limits at Infinity/Finding Horizontal Asymptotes

In this chapter, we have been examining the first and second derivatives of a function in
order to determine various features of the function’s graph (relative and absolute extrema,
intervals of increasing/decreasing, concavity, etc...). We will now use limits at infinity
to examine the end behavior of functions and find any horizontal or slant asymptotes.

We will then be reasgnably equipped to sketch the graphs for a wide variety of functions.

Limits at Infinity

2

Examine the graph of the function f(x)= with your graphing calculator.

x*+1

Notice that as x increases or decreases without bound, the function f(x) approaches
This is denoted by
lim f(x)= and lim f(x)=

Notice that we are taking the limit of a function as x approaches infinity or negative
infinity. These types of limits are called limits at infinity.

Our function approaches the line y = as x increases or decreases without bound.
This line is called a horizontal asymptote of the graph of f.

Horizontal Asymptotes

The line y = L is a horizontal asymptote of the graph of fif

hm f(x)=1L or lim f(x)=L




Strategy for finding Horizontal Asymptotes

Limits at infinity many of the same properties as the limits that we have discussed before.
In addition, the following theorem is useful.

If r is a positive rational number and c is any real number:

1. im——=0 and tim-<==0

x—ee x X—y—eo x’

In general, if taking the infinite limit yields a constant in the numerator and infinity (or
negative infinity) in the denominator, then the limit is 0.

Examples:

Find any horizontal asymptotes of the following functions:

2
a) f)=5-—=
x

2x+5
O 3x2+1

2x*+5
C) Fo= 3x*+1
d) £l = 2x+5

3x°+1




Rational Functions

Many of the functions that you will be examining are rational functions. There are three
possible cases, illustrated by the examples b, ¢, and d on the previous page. Rational
functions will have the same limit at infinity and negative infinity.

Type A: If the degree of the numerator is less than the degree of the denominator, then
the limit of the rational function is 0.

2x+
Bx.  lim 222 =
xte 37 4]

Horizontal Asymptote:

Type B: If the degree of the numerator is equal to the degree of the denominator, then
the limit of the rational function is the ratio of the leading coefficients.

2 2
Ex. lim xz . =
sk 3% 4|

Horizontal Asymptote:

Type C: If the degree of the numerator is less than the degree of the denominator, then
the limit of the rational function does not exist (it is infinite).

2x% +
Ex. fim 2543 _

] : = Horizontal Asymptote:
S0 SRl

*This last type of rational function actually has a slant asymptote, which we will discuss
later.

Example:

Find horizontal asymptotes for each of the following functions:

3—2x
3—2x
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Slant Asymptotes

Let us examine a “Type C” case, where the infinite limit of a rational function does not
exist (is infinite).

This function has no horizontal asymptote, but it does have a slant asymptote.
We can find it by using long division to rewrite the improper rational function.

x+ l|2)f2 —4x

2x*—4x
x+1

. = e . BEE 6
As x approaches infinity or negative infinity, PPy becomes very small (and thus
X+

insignificant) while 2x — 6 becomes very large (and thus very significant).
2x? —4x

Therefore, as x increases or decreases without bound the function f(x)= T looks
X+

very much like the function g(x)=2x—6 and y=2x—6 is slant asymptote of f(x).

Use your calculator to sketch a graph of f(x) to illustrate this concept.



Limits Approaching Infinity - Horizontal and Slant Asymptotes

a

n .o
1. 1‘1_1)‘5107, if a<b.Then, limit = 0. Horjzontal Asymptote at y = 0.

a

Cx

... C
2. lim if @a=>b.Then, limit = [ Horizontal Asymptote at y = /b,

x> Dxb ?

a

3. Iimx—b, if a>b.Then, limit = oo. Limit = co indicates that there is no horizontal asymptote.

X—0 x

Slant Asymptote: Find the equation through long division (the remainder is considered to be 0).

Limits Equal to Infinity - Vertical Asymptotes

1. {(a) does not exist but lim f (x) = a constant value. “Hole” at x = a (no vertical asymptote).
x—a

2. f(a) does not exist and ll_lgf (x ) = 400, -00, or DNE. There is a vertical asymptote at x = a.

For each equation:

a. Determine where the domain does not exist. At these points find the equation of the
vertical asymptote or the coordinates of a “hole” in the function.

b. Find the limit approaching infinity. Use this calculation to write the equation of the
horizontal asymptote or use long division to find the equation of the slant asymptote.

3 x—4
1. - X T 2. Fiajm—
T = e e s = a6
5_‘.2
B 1 “' —
3 f(x)= 7.7 + 1% 10—3x?
3 _ 2._6x x3—16x
5. — -
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1 s
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I (0P — — By it
3x2+3x_18 f(.ﬂ.) /‘_2_2_1__3
9 , 3 10, Flx) = X H+x-6
’ f(X):x—__i —4x% ~ 16x~12



Continuity Assignment Name:

1. How is the concept of a limit related to the concept of continuity?

2. List all x values where the graph is discontinuous.
Explain why discontinuity occurs at each location.

N

pe

3. Would the graph of x* +y? =7 be continuous at all points? Why or why not?

4. Give an example of a trig function where discontinuity can be removed.
Provide a graph of this function.

o—



For each function, list the intervals of continuity.

5. f(x)= N(x +2) 6. f(x) = V(3x) 7. f(x)= In (4 —x*)

Note all points of discontinuity in each function.

Remove discontinuity when possible by creating a piece-wise function.
If discontinuity cannot be removed, explain why.

8. f(x)= x*+2x-3 9. fix)= x* 10. f(x)=3
x+3 X x*



Using limits to identify asymptotes assignment Name:

For each function:

1. Identify any domain restrictions. At these restrictions, find the x value of any holes and /or

the equations of any vertical asymptotes.
2. Use the concept of limits at infinity to determine whether there is a horizontal or slant

asymptotes. Find the equation of this asymptote.

3 2 '
. X —x°—06x x+4
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3
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5. f(x) = e






